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PREFACE 



Some mathematical works of considerable vintage have a 
timeless quality about them. Like classics in any field, they 
still bring joy and guidance to the reader. Substantial works 
of this kind, when they concern fundamental principles and 
properties of school mathematics, -jare being sought out by 
the Supplementary Publications Committee. Those ..that are 
no longer readily available will be reissued by the National 
Council of Teachers of Mathematics. This book is the first 
such classic deemed worthy of once again being made avail- 
able to the mathematics education community. 

The initial manusqript for The Pythagorean Proposition 
was prepared in 1907 and first published in 1927. With per- 
mission of the Loomis family, it is presented here exactly 
as 'the"secondvedition^ appeaTed~m"1940~Except~foT"“SUch 
necessary changes as providing new title and copyright 
pages and adding this Preface by way of explanation, no 
attempt has been, made to modernize the book in any way. 
To do so would surely detract from, rather .than add to, its 
value. 



Id Mathematics the man who is ig- 
norant of what^ Pythagoras said in Croton in 
500 B.C. about. the square on the longest 
side of a right-angled triangle, or who for 
gets what someone in Czechoslovakia proved 
last week about inequalities, is likely to 
be lost. The whole terrific mass of well- 
established Mathematics, from the ancient 
Babylonians to the modern Japanese, is as 
good today as it ever was. " * 



£,. T_. _J3ell , -P.h-.-D-. , -1-9-31- 
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FOREWORD 



According to Hume, (England's thinker who 
interrupted Kant's "dogmatic slumbers"), arguments 
may be divided into: (a) demonstrations; (b) proofs; 

(c) probabilities. 

By a demonstration , (demonstro, to cause to 
see), we mean a reasoning consisting of one or more 
catagprical propositions "by which some proposition 
brought into question is shown to be contained in 
some other proposition assumed, whose truth and cer- 
tainty being evident and acknowledged, the proposi- 
tion in question must also be admitted certain. The 
result is science, knowledge, certainty. "' The knowl- 
edge which demonstration gives is fixed and unalter- 
able. It denotes necessary consequence, and is 
synonymous with proof from first principles. 

— -By -proof , (probo, to make credible, to demon- 
strate.), we mean 'such an argument from experience 
as leaves no room for doubt or opposition'; that is,, 
evidence confirmatory of a. proposition, and* adequate 
to establish it. . 

The object of this work is to present to the 
future investigator, simply and concisely, what is 
known relative to the so-called Pythagorean Proposi- 
tion, (known as the 47th proposition of Euclid and as 
the "Carpenter's Theorem"), and to set forth certain 
established facts concerning the algebraic and geo- 
metric proofs and the geometric figures pertaining 
thereto. 

It establishes that: 

First , that there are but four kinds of demon- 
strations for the Pythagorean proposition, viz.: 

I. Those based upon Linear Relations (im- 
plying the Time Concept ) -lithe Algebraic Proofs. 
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II. Those "baaed upon Comparison of Areas ' 
(implying the Space Concept ) --the Geometric Proofs. 

III. Those based upon Vector Operation (im- 
plying the Direction Concept ) --the Quaternionic 
Proofs . 

IV. Those based upon Mass and Velocity (im- 
plying the Force Concept ) --the Dynamic Proofs. 

Second , that the number of Algebraic proofs 
is limitless. 

.Third , that there are only ten types of geo- 
metric figures from which a Geometric Proof can be 
deduced. 

This third fact is not mentioned nor implied 
by any work consulted’ by the author of .this treatise, 
but which, once established, becomes the basis for 
the classification of all possible geometric proofs. 

Fourth , that the number of geometric proofs 
is limitless. 

Fifth , that no trigonometric proof fs possi- 
ble. 

By consulting the Table of Contents any in- 
vestigator can determine In' what fi eld his proof 
falls, and then, by reference to the text, he can 
find out wherein it differs from what has already * 
been established. 

With the hope that this simple exposition of 
this historically renowned and mathematically funda- 
mental proposition, without which the science of Trig- 
onometry and all that it implies would be impojs'S’i'hTey- 
may interest many minds and prove helpful and sugges- 
tive to the student, the teacher and the future orig- 
inal investigator-, to each and to all who are seeking 
more light, the author, sends it forth. 







o 

ERIC 



CONTENTS 



Figures Page 

Foreword . . ^ vii 

Portraits .* xi 

Acknowledgments xiii 

Abbreviations and Contractions xv 

The Pythagorean Proposition 3 

Brief Biographical Information 7 

Supplementary Historical Data 11 

An Arithraetico-Algebraic Point of View ...... 17 

Rules for Finding .Integral Values for a, b and h . 19 

Methods of Proof--4 Methods 22 

I. Algebraic Proofs Through Linear Relations . . 23 

A. Similar Right Triangles --several thousand proofs 

possible 1 - 35 23 

B. The Mean Proportional Principle 36-53 51 

C. Through the Use of the Circle 54- 85 60 

(i) Through the Use of One Circle . . . 54- 85 60 

• (l) The Method of Chords 54 - 68 6 l 

( 2 ) The Method by Secants 69 - 76 68 

(3) The Method by Tangents 77-85 74 

(il) Through the Use of Two Circles . . . 86 - 87 80 

D. Through the Ratio of Areas 88- 92 83 

E. . Through the Theory of Limits 93- 94 86 

F. Algebraic-Geometric Complex 95- 99 88 

G. Algebraic-Geometric Proofs Through Similar 

Polygons, Not Squares -» . . . 100-103 91 

II. Geometric Proof s --10 Types '.’97 

A-Type. All three sq's const'd exterior . 104-171 98 

B-Type. The h-square const'd interior . . 172-493 144 

C-Type.. The b -square const'd interior . . 194-209 158 

D-Type. The a-square const'd interior . . 210-216 165 

E-Type. The h- and b-sq's const'd interior 217-224 169 

F-Type. The h- and a-sq's const'd interior 225-228 174 

G-Type. The a- and b-sq's const'd interior 229-247 176 

2-Type. All three sq's const'd interior . 248-255 185 



x THE PYTHAGOREAN PROPOSITION 



' Figures 

I-Type. One or more squares translated, giv- 
ing 7 classes covering 19 different cases .... 



(1) Four cases 256-260 

(2) Four cases ..... 261-276 

(3) Four cases 277-288 

(4) Two cases 289-290 

(5) Two cases 291-293 

(6) Two cases . . # # 294-305 

(7) One case ~i ... . 



>7 “Type . One or more of the squares not 
graphically represented— Two sub-types . 

(A) Proof derived through a square, giv- 

ing 7 classes covering 45 distinct 
cases 

(1) Twelve cases, but 2 givj|p. . . . 

(2) Twelve cases, but 1 given . . . 

(3) Twelve cases, none given . . . 

(4) Three cases, 

(5) Three cases, none given .... 

(6) Three cases, all 3 given . . . 

(B) Proof based upon a triangle through 

calculations and comparisons of 
equivalent areas 

Why No Trigonometric, Analytic Geometry 
Nor Calculus Proof Possible 



. 307-309 

. 310-311 
0 

312-313 

0 

. 314-328 



III. Quaternionic Proofs . 

IV. Dynamic Proofs . . . 

A Pythagorean Curiosity . 
Pythagorean Magic Squares 

Addenda 

Bibliography ....... 

Testimonials 

Index 



347-350 

351-353 

354 

355-359 

366-366 



Page 

189 

191 

193 

201 

206 

208 

209 

215 

216 



216 

218 

219 

221 

222 

230 

230 

244 

246 ‘ 

.248 

252 

254 

258 

271 

27.7 

281 



PORTRAITS 



1. Loomis, Elisha S Frontispiece 

3 

2. Copernicus facing page 88 

3. Descartes " " 244 

4. Euclid " " 118 

5. Galileo " " 188 

6. Gauss " " 16 

7. Leibniz " " . 58 

8. Lobachevsky . . . " " 210 

9. Napier " " 144 

10. Newton " " 168 

11. Pythagoras " " 8 

12.. Sylvester ....-• " " 266 



xi 






! 



i 

i 



ACKNOWLEDGMENTS ' 

Every man builds upon his predecessors. 



My predecessors made this work possible, and 
may those who make further investigations relative 
to. this renowned proposition do better than their 
predecessors have done. 

The author herewith expresses his obliga- 
tions: 

To the many who have .preceded him in this 
field, and whose text and proof he has acknowledged 
herein on the page where such proof is found; 

To those who, upon request,, courteously grant- 
ed him permission to make use, of such proof, or refer 
to the same; 

To the following Journals and Magazines whose 
owners .so kindly extended to him permission to use 
proofs found therein, viz....: 

A 

The American Mathematical Monthly; 

Heath's Mathematical Monographs; 

The Journal of Education; 

The Mathematical Magazine; 

The School Visitor; 

The Scientific American Supplement j 

Science and Mathematics; and 
i Science. 

To. Theodore H. Johnston, Ph.D., formerly 
Principal of the West High School, Cleveland, Ohio, 
for his valuable stylistic suggestions after reading 
the original manuscript in 1907 . 

-To Professor Oscar Lee Dustheimer, Profe.ssor 
of Mathematics and Astronomy, Baldwin-Wallace^College, 
Berea, Ohio, for his professional assistance and ad- 
vice; and to David P. Simpson, J>J>° , former Principal 
of West High School, Cleveland, Ohio, for his brother- 
ly encouragement, and helpful suggestions, 1926. 

xiii 

> i • s' 



O 

ERIC 



xiv THE PYTHAGOREAN PROPOSITION 

■V ' 1 

To Dr. Jehuthiel Ginsburg, publisher of 
Scripta Mathematica, New York City, for the right to 
reproduce, the photo plates of ten of his "Portraits 
of Eraineht Mathematicians." 

To Elat u s G . Loomis for his assistance in 
drawing' the J>66 figures which appear- in this Second 
Edition. 

And to "The Masters ^and Wardens Association 
of The 22nd Masonic District of the Most Worshipful 
Grand Lodge of Free and Accepted Masons of Ohio," 
owner of the Copyright granted to it in 1927, for its 
generous permission' to publish this Second Edition 
of The Pythagorean Proposition, the author agreeing 
that a complimentary copy of it shall be sent to the 
known Mathematical Libraries of the World, for pri- 
vate research work, and also to such Masonic Bodies 
as it shall select. (April 27, 1940) 






ABBREVIATIONS AND CONTRACTIONS 



Am. Math. Mo. = The American Mathematical Monthly, 

100 proofs, 189^. 

a-square = square upon the shorter leg. 
b-square = " " " longer leg. 

Colbrun = Arthur R. Colbrun, LL.M., Dist. of Columbia 
Bar. 

const. = construct, 
const* d = constructed, 
cos = cosine . 

Dem. = demonstrated, or demonstration. 

Edv. Geom. = Edvard’s Elements of Geometry, 1895. 
eq. = equation, 
eq’s = equations. 

Pig. or fig. = figure. 

Pourrey = E. Fourrey's Curiosities Geometriques . 

Heath = Heath’s Mathematical Monographs, 1900* 

Parts I and II--26 proofs, 
h-square = square upon the hypotenuse. 

Jour. Ed'n = Journal of Education. 

Legendre = Davies Legendre, Geometry, 1858. 

•MathT = mathematics 

Math. Mo. = Mathematical Monthly, 1 858-9. 

Mo. = Monthly r 
No. or no. = number. 

Olney’ s Geom. = 0,lney’s Elements of Geometry, Uni- 
versity Edition, 
outv’ly = outvardly. 
par. = parallel, 
paral. = parallelogram, 
perp. = perpendicular, 
p. = page, 
pt, = point, 
quad. =• quadrilateral, 
resp’y = respectively. 



THE PYTHAGOREAN PROPOSITION 



xv i 



Richardson = John M. Richardson- -28 proofs, 
rt. = right. 

rt. tri. = right triangle. ” 4 
rect. = rectangle. 

Sci. Am. Supt. = Scientific American Supplement, 

1910, Vol. 70. 
sec = secant, 
sin = sine, 
sq. = square, 
sq's = squares, 
tang = tangent. 

= therefore, 
tri. = triangle, 
trl's — triangles, 
trap. = trapezoid. 

V. or v. = volume. 

Versluys = Zes en Negentic ( 96 ) Beweijzen Voor Het 
Theorema Van Pythagoras, by J. Versluys, 1914. 
Wipper = Jury Wipper's "46 Beweise der Pythagor- 
aischen Lehrsatzes," 1880. 

HE 2 , or any like symbol = the square of, or upon, the 
line HE, or like symbol. 

AC 

ACIAP, or like symbol = AC + AP, or — • See proof 17. 



OjuXelv to) Bed) 



E 




GOD GEOMETRIZES 
C0NTINEALLML17B 



THE PYTHAGOREAN PROPOSITION 



This celebrated proposition is one of the 
most important theorems in the whole realm of georoe- 
' try and is known in history as the 47th proposition, 
that being its number in the first book of Euclid's 
Elements. 

It is also (erroneously) sometimes called the 
Pons Asinorum. Although the practical application 
of this theorem was known long before the time of 
Pythagoras he, doubtless, generalized it from an Egyp 
tian rule of thumb (3 2 + 4 2 = 5 2 ) and first demon- 
strated it about 540 B.C., from which fact it is gen- 
erally known as the Pythagorean Proposition. This 
famous theorem has always been a favorite with geo- 
metricians. 

(The statement that Pythagoras was th^ in- 
ventor of the 47th proposition of Euclid has been 0 de- 
nied by many students of the subject.) 

Many purely geometric demonstrations of this 
famous theorem are accessible to the teacher,, as well 
as an unlimited number of proofs .leased upon the al- 
gebraic method of geometric investigation. Also 
quaternions and dynamics furnish a few proofs. 

No doubt many other proof s* than. these now 
known will be resolved by future investigators, for 
the possibilities of the algebraic and geometric re- 
lations implied in" the theorem are limitless. 

This theorem^ with its many proofs is a strik- 
ing illustration of the fact that there is more than 
one way of establishing the same truth. 

But before proceeding to the methods of dem- 
onstration, the following historical account trans- 
lated from a monograph by Jury Wipper, published- in 
1880, and entitled ”46 Beweise des Pythagoraischen- 

Lehrsatzes,” may prove both interesting and profita- 
ble. 

3 
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Wipper acknowledges his indebtedness to 
F. Graap who translated it out of the Russian. It is 
as follows: "One of the weightiest propositions in 

geometry if not the weightiest with reference to its 
deductions and applications is doubtless the so- 
called Pythagorean proposition." 

The Greek text is as follows: 

'Ev toi'c op0oywvi'oic to <5c7to tj)v 6p0^v 
ywvi'ocv imoTE i vovar) c 7iXeupac t ETpccywvo v ictov IgtC toTc 
<5l7t6 twv t i)v 6p0rfv ywvi'av 7iEpl exouctwv raXeupCv 
TExpaywvo t c. 

The Latin reads: In rectangulis triangulis 

quadratum, quod a latere rectum angulura subtendente 
describitur, aequale est eis, quae a lateribus rectum 
angulum continentibus describuntur . 

German: In den rechtwinkeligen Dreiecken 1st 

das Quadrat, welches .von der- dem rechten Winkel 
gegenuber liegenden Seite beschrieben Wird, den Quad- 
raten, welche von- den ifin umschliessenden Seiten 
beschrieben werden, gleich. 

According to the testimony of Proklos the 
demonstration of this proposition is due to Euclid 
who adopted it in his elements (I, 47). The method 
of the Pythagorean demonstration remains unknown to 
us. It is undecided whether Pythagoras himself dis- 
covered this characteristic of the right triangle, or 
learned it from Egyptian priests, or took it from / 
Babylon: regarding this opinions vary. 

According to that one most widely disseminat- 
ed Pythagoras learned from the Egyptian priests the 
characteristics of a triangle in which orie leg = 5 
(designating Osiris), the second = 4 (designating 
Isis), and the hypotenuse = 5 (designating Horus.) : 
for which reason the triangle itself is also named 
the Egyptian or Pythagorean.* 

(Note. < The Grand Lodge Bulletin, A.F. and A.M., of Iowa, Vol. 
50, No. 2, Feb. 1929; p. 42, has: In an old Egyptian manu- 

script, recently discovered at Kahah, and supposed to belong 
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The characteristics of such a triangle, how- 
ever, were known not to the Egyptian priests alone, 
the Chinese scholars also knew them. "In Chinese 
history," says Mr. Skatschkow, "great honors are 
awarded to the brother of the ruler Uwan, Tschou-Gun, 
who lived 1100 B.C.: he knew the characteristics of 

the right triangle, (perfected) made a map of the 
stars, discovered the compass and determined the 
length of the meridian and the equator.’ 

Another scholar (Cantor) says: this emperor 

wrote or shared in the composition of a mathematical 
treatise in which were discovered the fundamental 
features, ground lines, base lines, of mathematics, 

In the form of a dialogue between Tschou-Gun and 
SchaUrGao. The title of the book is: Tschaou pi, * 

l.e. , the high of Tschao. Here too are the sides of 
a triangle already named legs as in the Greek, Latin, 
German and Russian languages. ♦ 

Here are some paragraphs of -the 1st chapter 
of the work. Tschou-Gun once said to Schau-Gao: "I 

learned,- sir, that you know numbers and their appli- 
cations, for which reason I would like to ask how old 
Fo-chi determined the degrees of the celestial sphere. 
There are no steps on which one can climb up to the 
sky, the chain and the bulk of the earth are also in- 
applicable; I would like for this reason, to know how 
he determined the numbers." 

Schau-Gao replied: "The art of counting goes 

back to the circle and square." 

If one divides a right triangle into its 
parts the line which unites the ends of the sides 



(Footnote continued) to the time of the Twelfth Dynasty, we 
find the following equations: l 2 + (f) 2 = (l-L) 2 ; 8 2 + 6 2 

“ 10 2 ; 2 2 + (if) 2 = (2f) 2 ; l6 2 + 12 2 = 20 2 ; all of which are 
forms of the 3-4-5 triangle. _ ....We also find that this tri- 
angle was to them the symbol of universal nature . The base 4 
represented Osiris; the perpendicular 3* Isis; and the hypote- 
nuse represented Horus, their son, being the product of the 
two principles, male and female.) 
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when the base = 3, the altitude = 4 is 5. 

Tschou-Gun cried out: "That is indeed ex- 

cellent. " 

It is to be observed that the relations be- 
tween China and -Babylon more than probably led to the 
assumption that this characteristic was already known 
to the Chaldeans. As to the geometrical demonstra- 
tion it~comes doubtless from Pythagoras himself. In 
busying with the addition of the series he could very 
naturally go from the triangle with sides 3, 4 and 5 , 
as a single instance to the general characteristics 
of the right triangle . . „ 

After he observed that addition of the series 
of odd number (1+3*4, 1+3+5= 9, etc.) gave 
a series of squares, Pythagoras formulated the rule 
for finding, logically, the sides of a right triangle: 
Take an odd number (say 7) which forms the shorter 
side, square it (7 2 = 49), subtract one ( 49 - 1 = 48), 
halve the remainder (48 - 2 = 24) ; this half is the 
longer side, and this increased by one (24 + 1 = 25), 
is the hypotenuse. J 

The ancients recognized already the signifi- 
cance of the Pythagorean proposition for which fact 
may serve among others as proof the account of Dioge- 
nes Laertius and Plutarch concerning Pythagoras. The 
latter is said to have offered (sacrificed) the Gods 
an ox in gratitude after he learned the notable char- 
acteristics of the right triangle. This story is 
without doubt a fiction, as sacrifice of animals, 
i.e., blood- shedding, antagonizes the Pythagorean 
teaching. 

During the middle ages this proposition which 
was also named tnventui * Hecatombe dlinum (in-as-much 
as it was even believed that a sacrifice of a heca- 
tomb--100 oxen — was offered) won the honor-designa- 
tion Mails ter mdfheseos, and the knowledge thereof 
was some decades ago still the proo'f of a solid mathe- 
matical training (or education). In examinations to 
obtain the master's degree this proposition was often 
given; there was indeed a time, as is maintained, 
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when from every one who submitted himself to the test 
e.s master of mathematics a new (original) demonstra- 
tion was required. 

This latter circumstance, or rather the great 
significance of the proposition under consideration 
w.as the reason why numerous demonstrations of it were 
thought out. 

The collection of demonstrations which we 
bring in what follows,* must, in our opinion, not 
merely satisfy the simple thirst for knowledge, but 
also as important aids in' the teaching of geometry. 
The variety of demonstrations, even when some of them 
are finical, must demand in the learners the develop- 
ment of rigidly logical thinking, must show them how 
many sidedly an object can be considered, and spur 
, them on to test their abilities in the discovery of 

like demonstrations for ^Jihe one or the other proposi- 
tion." 

\ 

\ 

} 

Brief Biographical Information 
Concerning Pytha<goras 

"The birthplace of Pythagoras was the island 
of Samos; there the father of Pythagoras, Mnessarch, 
obtained citizenship for services which he had ren- 
dered the inhabitants of Samos during a time of fam- 
ine. Accompanied by his wife Pithay, Mnessarch fre- 
quently traveled in business interests; during the 
year 569 A.C. he came to Tyre; here Pythagoras was 
born. At eighteen Pythagoras, secretly, by night, 
went from (left) Samos, which was in the power of the 
tyrant Polycrates, to the island Lesbos to his ‘uncle 
who welcomed him very hospitably. There for two years 
he received instruction from Perekid who with Anak- 

slmander and Thales had the reputation of a philoso- 
pher. ' • 



*Note. There were but 46 different demonstrations in the mono- 
graph by Jury'Wipper, which 46 are amon&’ the classified collec- 
tion found in this work. 
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After- -Pythagoras had -made the religious ideas 

of his teacher his own, he went to Anaksimander and 
Thales in Miletus (5^9 A.C.). The latter was then 
already 90 years old. With these men Pythagoras stud- 
ied chiefly cosmography, i.e., Physics and Mathemat- 
ics. 

Of Thales it is known that he borrowed the 
solar year from Egypt; he knew how to calculate sun 
and moon eclipses, and determine the elevation of a 
pyramid from its shadow; to him also are attributed 
the discovery of geometrical projections of great im- 
port; e.g.j the characteristic of the angle which is 
inscribed and rests with its sides on the diameter,- 
as well as the characteristics of the angle at the 
base of an (equilateral) isosceles triangle. 

Of Unaksimander it is known that he knew the 
use of the dial in the determination of the sun’s ele- 
vation; he was the first who taught geography and 
drew geographical maps on copper. It must be observed 
too, that Anaksimander was the first pr.ose writer, as 
down to his day all learned works were written in 
verse, a procedure which continued longest among the 
East Indians. 

Thales directed the eager youth to Egypt as 
the land where he could satisfy his thirst for knowl- 
edge. The Phoenician priest college in Sidon must in 
some degree serve as preparation for this journey. 
Pythagoras Spent an entire year there and arrived in 
Egypt 5^7, ' 

Although Polikrates who had forgiven Pytha- 
goras' nocturnal flight addresses to Amasis a letter 
in which he commanded the young scholar, it cost 
Pythagoras as a foreigner, as one unclean, the most 
incredible toil to gain admission to the priest caste 
which only 'unwillingly initiated even their own peo- 
ple into their mysteries or knowledge. 

The priests in the temple Heliopolis to whom 
the king in person brought Pythagoras declared it im- 
possible to receive* him into .their midst, and direct- 
ed him to the oldest priest college at Memphis, this 





s 

r 

- 

| 




It 







THE PYTHAGOREAN PROPOflTTTnw 



commended him. to Thebes. . Here somewhat severe condi- 

into\r re ' ali UP ° n Pytha e°ras his reception 
into the priest caste; hut nothing could deter him 

«n f 5 h?° ra * P erformed a11 ^e rites, and all tests, ' 

priest 3 SonchL 8an ““ SUl ^ n0e ° f the ohda f 

During his 21 years stay in Egypt Pythagoras 

E^M Vf ° nly ln fathomlng »d absorbing all^the 
of^he prJest a ca S ste? 0ame 3haPer *“ hlghe3t honoP3 

f ar in 

ersian king Kambis invaded Egypt arid loosed all his 
fury against the priest caste. 

tv Ne arly all members thereof fell into captivi- 

ty, among them Pythagoras, to whom as abode Babylon 
was assigned. Here in the center of the world com 

other ft 6 Ba ° trlans * Indians, Chinese'; Jews and • 
'vJarJ t C ™ e together, Pythagoras had during 12 

K the^haldeans^were'^so^ichJ ^ ^ ^ 

i v1n ’ A singular accident secured Pythagoras liber- 

Und in M J q s6th e ° f Whl0h he Peturned to his native 
land in his 56th year. After a brief stay on the 

anJJ hi W t ere he f0Una hlS teacher Perekid still 
alive, he spent a half year ln a visit to Greece for 

the purpose of making himself familiar- with the re- 
ligious, scientific and social condition thereof. 

6 °P en i n 8 of the teaching activity of PvthA 
gores on the island of Samos, was extralrdinaliw 
sad; in order not to remain wholly without pupils he 

to pay hls 3 ? le pupll > wb ° was als ° 
named Pythagoras, a son of Eratokles. This led him 

to abandon his thankless land, and seek a hew home in 

the highly cultivated cities of Magna GralcTa (JtalJ). 

known It 1 510 Pythag0paa oame Kroton. As is 

fle^rl T 8 ta f bUlent year - Tai'Pnin was forced to 
flee from Rome, Hipplas from Athens; in the neiwhhor- 

00 ° f Th^f?' Slbarl3 ' insurrection broke out. 

people of Lot" 3 u aPP - ea T S ^ Pytl > agoraa before the . ■ 
people of Kroton began with an oration to the youth 
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wherein he rigorously but at the same time so con- 
vincingly set forth the duties of young men that the 
elders of the city entreated him not to leave them 
without guidance (counsel). In his second oration 
■he called attention to law abiding and purity of mor- 
als as the butresses of the family. In the two fol- 
lowing orations ho turned to the matrons and chil- 
dren. The result of the last oration in which he 
specially condemned luxury was that thousands of' — '' 
costly garments were brought to the temple of Hera, 
because no matron could make up her mind to appear 
in them on the street. 

Pythagoras spoke captivatingly, and it is for 
this reason not to be wondered at that his orations 
brought about a change in the morals of Kroton's in- 
habitants; crowds of listeners streamed to him. Be- 
sides the youth who listened all day long to his 
teaching some 600 of" the worthiest men of the city,, 
matrons and maidens, came together at his evening 
entertainments; among them was the young, gifted and 
beautiful Theana, who thought it happiness to become 
the wife of the 60 year old teacher. 

The listeners divided accordingly into disci- 
ples, who formed a school in the narrower sense of 
the word, and into auditors, a school in the broader 
sense.- The former, the so-called mathematicians were 
given the rigorous teaching of Pythagoras as a scien- 
tific whole in logical succession from the prime con- 
cepts of mathematics up to the highest abstracti.on of 
philosophy; at the same time they learned to - regard 
everything fragmentary in knowledge as more harmful 
than ignorance even. 

Prom- the mathematicians must be distinguished 
the auditors (university extensioners) out. of whom 
subsequently were formed the Pythagoreans, These 
took part in the evening lectures oniy in which noth- 
ing rigorously scientific was taught. The chief 
themes of these lectures were: ethics, immortality 

of the soul, and transmigration--metempsyohology . 

About the year 49u when the Pythagorean 
school reached its highest splendor-.-brilliancy — a 
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certain Hypasos who had been expelled from the school 
as unworthy put himself at the head of the democratic 
party in Kroton and appeared as accuser of his former 
colleagues. The school was broken up, the property 
of Pythagoras was confiscated and he himself exiled. 

The subsequent,, 16 years Pythagoras lived in 
Tarentum,. but even here the democratic party gained 
the upper hand in K 7 K and Pythagoras a 95-year old 
man must flee again to Metapontus where he dragged 
out his poverty-stricken existence 4 years 'more. Fi- 
nally democracy triumphed there also; the house in 
which was the schpol was burned, many disciples died 
a death of torture and Pythagoras himself with dif- 
ficulty having escaped the flames died soon after in 
his 99th year.’ 1 * 

Supplementary Historical Data 

To the following (Graap's) translation, out 
of the Russian, relative to the great master Pytha- 
goras, these interesting statements are due. 

"Fifteen hundred years before the time of 
Pythagoras, (5^9-^70 B.C.),** the Egyptians construct- 
ed right angles by so placing three pegs that a rope" 
measured off into 3, 4 and 5 units would just reach 
around them, and for thisr purpose professional 'rope 
fasteners ' were employed. 

"Today carpenters and masons make right an- 
gles by measuring off 6 and 8 feet in such a manner 
that a 'ten-foot pole' completes the triangle. 

"Out of this simple Nile-compelling problem 
of these early Egyptian rope-fasteners Pythagoras is 
said to have generalized and proved this important 
and famous theorem, --the square upon the hypotenuse 

Note. The above translation is that of Dr. Theodore H. John- 
ston, Principal (190?) of the West High School, Cleveland, 0. 
Note. From recent accredited biographical data as to Pytha- 
goras, the record reads: "Bom at Samos, c. 582 B.C. Died 

probably at Metapontum, c. 501, B.C." 
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G-f a' -rl-ght- t-rl-an'gle- ±s- eqtial fc'o ^trhe . sTim ^or’ the 

squares upon its two legs, --of which- the right tri- 
angle whose sides are 3 > 4 and 5 is a simple and par- 
ticular case; and for having proved the universal 
truth implied in the 3-4-5 triangle, he made his name 
immortal --writ ten indelibly across the ages. 

In speaking of him and his philosophy, the 
Journal of the Royal Society of Canada, Section II, 

„ Vol. 10, 1904, p. 239> says: "He was the Newton, the 

Galileo, perhaps the Edison and Marconi of his 

’ Epoch 'Scholars now go to Oxford, then to Egypt, 

for fundamentals of the past The philosophy of 

Pythagoras is Asiatic--the best of India--in origin, 
in which lore he became proficient; but he committed 
none of his viewd to., writing and forbid- his followers 
to do - so, insisting [that they listen and hold their 
tongues.'" i 

He was indeed the Sarvonarola of his epoch; 
he excelled in philosophy, mysticism, geometry, a 
writer upon music, and in the field of astronomy he 
anticipated Copernicus by making the sun the center 
of the cosmos.- "His most original mathematical work 
however, was probably in the Greek Arithmetica, or 
theory of numbers, his teachings being followed by 
all subsequent Greek writers on the subject." 

Whether his proof of the famous theorem was 
wholly original no one knows; but we now know that 
geometers of Hindustan knew this theorem centuries 
before his time; whether he knew what they knew is 
also unknown. But he, of all the masters of antiqui- 
ty, carries the honor of its place and importance in 
our Euclidian Geometry.’ 

On ‘account of its extensive application in 
the field of trigonometry, surveying, navigation and 
astronomy, it is one of the most, if not the most, 
interesting propositions in elementary plane geometry. 

It has been variously denominated as, the’ 
Pythagorean Theorem, The Hecatomb Propositi^, 1 The* j ' • - 
Carpenter's Theorem, and the Pons Asinorum because of 
its supposed difficulty.- But the term "Pons Asinorum" 

* * > 
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also attaches to Theorem V, properly, and to Theorem 
XX erroneously, of' Book I of Euclid’s Elements of 
Geometry. 

It is regarded as the most fascinating Theo- 
rem of all Euclid, so much so, that thinkers from all 
classes and nationalities, from the aged philosopher 
in his armchair to the young soldier in the trenches 
next to no-man’ s-land, 1917* have whiled away hours 
seeking a new proof of its truth. 

Camerer, in his notes on the First Six Books 
of Euclid's Elements gives a collection of 17 differ- 
ent demonstrations of this theorem, and from time to 
time others have made collections, — one of 28, an- 
other of Wipper of 46, Versluys of 96, the Ameri- 
can Mathematical Monthly has 100, others of lists 
ranging from a few to over 100, all of which proofs, 
with credit, appears in this (now, 1940) collection 
of over 360 different proofs, reaching in time, from 
900- B.C. , to 1940 A.D. 

Some of these J>6 7 proof s, --supposed to be 
new--are very old; some are short and simple; others 
are long and complex; but each is a way of proving 
the same truth. 

Read and take your choice; or better, find a 
new, a different proof, for there are many more proofs 
possible.^. whose figure will be different from any 
one found herein. 



*Note.' Perhaps J.G. See Notes and Queries, l879> Vol. V, No. 

4l, p . 4l . . - - , 
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Come and take choice of all my Library. 

— Titus Andronicus. 




Viam Inveniam aut Faciam. 
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"Mathematics is queen of the sci- 
ences and arithmetic is queen of Mathe- 
matics. She often condescends to render 
service to astronomy and other natural 
sciences, but under all circumstances the 
first place is her due, " 

Gauss -(1777-1855) 





CARL FMEDRICH GAUSS 
1777-1855 
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THE PYTHAGOREAN THEOREM 
From an Ar i thmet i co-A] gebra i c Point of View 



Dr. J. W. L. Gla shier in his address before 
Section A of the British Association for the Advance- 
ment of Science, 1890, said: "Many of the greatest 

masters of the Mathematical Sciences were first at- 
tracted to mathematical inquiry by problems concern- 
ing numbers, and no one can glance at the periodicals 
of the present day which contains questions for solu- 
tion without noticing how singular a charm such prob- 
lems continue to exert.-" __ ■- 

One of these charming problems was the deter- 
mination of "Triads of Arithmetical Integers" such 
that the sum -of the squares of the two lesser shall 
equal the square of the greater number. 

These triads, groups of three, represent the 
three sides of a right triangle, and are infinite in 
number . 

Many ancient master mathematicians sought 
general formulas for finding such groups, among whom 
worthy of mention were Pythagoras (c. 582-c. 501 B.C.), 
Plato (429-^48 B.C.), and Euclid (living 300 B.C.), 
because of their rules for finding such triads. 

In our public libraries may be found many 
publications containing data relating to the sum of 
two square numbers whose sura is a square number among 
the following two mathematical magazines are 
especially worthy of notice, the first being "The 
Mathematical Magazine," 1891, Vol. II, No/ 5, in 
which, p. 69, appears an article by that master Mathe- 
matical Analyst, Dr. Artemas Martin, -of Washington, 
D.C.; the second being, "The American Mathematical 
Monthly," 1894, Vol. I, Nq._,l, in which, p. 6, ap- 
pears an article by Leonard E. Dickson, B.Sc., then 
Fellow in Pure Mathematics, University of Texas. 
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Those vho are Interested and desire more data 
relative to such numbers than here culled therefrom, 
the same may be obtained from these two Journals. 

Prom the article by- Dr. Martin. "Any number 
of square numbers whose sum is a square number can be 
found by various rigorous methods of solution." 

Case I . Let it be required to find two 
square numbers whose sum is E square number. 

First Method . Take the well-known identity 
(x + y) 2 = x 2 + 2xy + y 2 = (x - y) 2 + 4xy- (l) 

Now if. we can transform 4xy into a square we 
shall have expressions for two square numbers whose 
sum is a square number. 

Assume x = mp 2 and y = mq 2 , and we have 
4xy = 4m 2 p 2 q 2 , which is a square number for all val- 
-~uea__cf m, p and q; and (l) becomes, by substitution, 
(mp 2 + m'q^^^(mp 2 - mq 2 )‘ 2 + (2mpq) 2 , or striking 
out, the common s^^re~_fac ter m 2 , we have (p 2 + q 2 ) 2 
f (P 2 - q 2 ) 2 + ( 2pq ) 2 . — ('2')'^- ^ 

Dr. Martin follows this by ~a 'second and a 
third method, and discovers that both ( secondTand--^ 
•third) methods reduce, by simplification, to formula 
( 2 ). " - 

Dr. Martin declares, (and supports his decla- 
ration by the investigation of Mat.thew Collins' 

"Tract on the Possible and Impossible Cases of Quad- 
ratic Duplicate Equalities in the Diophantine Analy- 
sis," published at Dublin in 1858), that no expres- 
sion for two square numbers whose sum is a square can 
be found which are not deducible from this, or re- 
ducible tc> this formula, --that ( 2pq ) ^ + (p 2 - q 2 ) 2 is 
always equal to (p 2 + q 2 ) 2 . : 

His numerical illustrations are: 

Example 1 . Let p = 2, and q = 1; then 

P 2 + q 2 = 5, P 2 - q 2 = J>, 2pq = 4, and we have J> 2 + 4 2 

= 5 2 . 

Example 2 . Let p = 3, q = 2; then p 2 + q 2 

= 13, P 2 - q 2 = "5, 2pq = 12. 5 2 + 12 2 = 13 2 , etc., 

ad infinitum. 
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Prom the article by Mr. Dickson: 'Let the 

three integers used to express the three sides of a 
right triangle be prime to each other, and be symbol- 
ized by a, b and h. 1 Then these facts follow: 

1. They can not all be eve n numbers, otherwise they 
would still be divisible by the common divisor 2. 

2. They can not all be odd numbers. For a 2 + b 2 = h 2 . 
And if a and b are odd, their squares are odd, and 
the sum of their squares is even; i.e., h 2 is even. 
But if h 2 Is even h must be even. 

3. h must always be odd ; and, of the remaining two, 
one must be even and the other odd. So two of the 
three integers, a, b and h, must always be odd. 

(For proof, see p. 7, Vol. I, of said Am. Math. 
Monthly.) 

^ the sides of a right triangle are integers, 
the perimeter of the triangle is always an even 
number, and its area is also an even number. 



Rules for finding integral values for a, b 



1 - Rule of Pythagoras : Let n be odd; then n. 

For 



n 2 - 1 



n 2 + 1 

and _ are three such numbers. 




4n 2 + n 4 - 2n 2 + 1 _ / n 2 + 1 



- = m • 



2 J if . \ 2 

2. Plato's RuleT Let-m-b e-an^ L even number divisible 

m£ 

4 



by 4; then m, ^ - 1, and + 1 are three such 



’s. For m 2 + = m 2 + 



m 



m* 



h! .+ si + ! 
16 2 



( m 2 \ 2 

= 1 T + 7 • 



16 " 2 



+ 1 



3* Euclid' s Rule : Let x and y be any two even or odd 

numbers, such that x and y contain no common fac- 
tor greater than 2, ‘and xy is a square. Then v / xy; 



2L+ y 



are three such numbers. For 
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(x— r | 


, x 2 - 2xy + y 2 


fx + y\ 


V 2 ) 


1 - xy + jp = | 


l 2 ) 



Rule of Maseres ('1721-1824): Let m and n be any 

, m2 -f. 2 

two even or odd, m > n, and an integer. 



2n 



Then m 2 . 



For m 2 + 



2n 



2 m c - n 2 , m 2 -f"n 5 
and 



2n 



m 2 - n 2 4m 2 n 2 + m 4 - 2m 2 + n 2 + n 4 



2n 



are three such numbers. 

- 2j 

4n 2 



_ / m 2 4- n 2 \ 2 
\ 2n / 



5» Dickson's Rule : Let m and n be any two prime in- 
tegers, one even and the other odd, m > n and' 2mn 
a squa re . -Then m + /2mn, n + ]/2mn and m + n 
+ /2mn are three such numbers. For (m + /2iim) 2 
+ (n + y/2mn) 2 + m 2 + n 2 + 4mn + 2m \/2mn + 2n /2m n 
= (m + n + \/ 2mn ) 2 . 

6. By inspection it is evident that these five rules, 
--the formulas of Pythagoras, Plato, Euclid, 
Maseres and Dickson, --each reduces to the formula 
■! of Dr. Martin. " 



In the Rule of /Pyuxragoras : multiply by 4 and 

square and there, results (2n) 2 + (n 2 - l) 2 = (, n 2 + l) 2 , 
in whl.cii'-p"='/u and q = 1. 

In .the Rule of Plato: multiply by 4 and 

square and there results' (2m) 2 + (m 2 - 2 2 ) 2 
= .('m 2 + 2 2 ) 2 , in which p = m and q = 2. 

In the Rule of Euclid: multiply by 2 and 

square there results (2xy) 2 + (x. - y) 2 = (x + y) 2 , in 
which p = x and q = y. 

In. the Rule of Maseres: multiply by 2n-and 

square and results are (2mn) 2 + (m 2 - n 2 ) 2 
= (4} + n 2 ) 2 * in Vhich p = m and q = n. 

. In Rule of D ickson: equating and solving 

r -m + n + 2 y/2mn + /m - n 
2 



P = 



and 



J 
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/m + n + 2 v2mn - /m - n 

qss v i * 

Or if desired, the formulas of Martin, Pytha- 
goras, Plato, Euclid and Maseres may 'be reduced to 
that of Dickson. 

The advantage of Dicksbn's Rule is this: It 

.gives every possible set . of ' value's for a, b and h in 
their lowest terms, and gives this set but once. 

; To appiy his' rule, proceed as follows: Let 

m be any odd sq-u^re whatsoever, and n be the double 
of any squard', number whatsoever not divisible by m. 



^ Examples. . If m = 9, n may be the double of 
-i, 4, 1 6, 25, 49, etc.; thus when m = 9, and n = 2, 
then m + -/2mn - 15, n + /2mn =8, m + n + \/2mn = 17. 
So a = 8, b = 15 and h =17. 

If m = 1, and n =• 2, we get a = 5,> b = 4, 



If m = 25, and n = 8, we get a = 25, b = 45, 
h = 53, etc. , etc . 

Tables of integers for values of a, b and h 
have been calculated. 

Halsted's Table (in his "Mensuration") is ab- 
solutely complete as far as the 59th set of values. 




h = 5. 



METHODS OF PROOF 



Method is the following of one thing 
LliLQ.lLi.tL another. Order is the following of 
one thing afLQL another. 

The type and form of a figure necessarily de- 
termine the possible argument of a derived proof; 
hence, as an aid for reference, an order of arrange- 
ment of the proofs is of great importance. 

In this exposition of some proofs of the 
Pythagorean theorem the aim has been to classify and 
arrange them as to method of proof and type of fig- 
ure used; to. give the name, in case it. has one, by 
which the demonstration is known; to give the name 
arid page of the journal, magazine or text wherein the 
proof may be found, if known; and occasionally to 
give other interesting data relative to certain 
proofs .. 

The order of arrangement herein is, only in 
part, my own, being formulated after a study of the 
order found in the several groups of proofs examined, 
but more especially of the order of arrangement given 
in The American Mathematical Monthly, Vols. Ill and 

iv, 1896-1899. • . V 

It is assumed that the person using this work 
will know the fundamentals of plane geometry, and 
that, having the figure before him, he will readily 
supply the "reasons why" for the steps taken as, 
often from the figure, the proof is obvious; there- 
fore only such statements of construction and demon- 
stration are set forth in the text as is necessary to 
establish the agrument of the particular proof. 
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The Methods of Proof Are: 

I. ALGEBRAIC PROOFS THROUGH LINEAR RELATIONS . 

A. Similar Right 'Triangles 

From linear relations of similar right trian- 
gles it may be proven that. The square of the hypote- 
nuse of a right triangle is equal to the sum of the 
squares of the other two sides. 

Tsaa. 

And since the algebraic square is the measure 
of the geometric square, the truth of the proposition 
-as just stated involves the -truth of the proposition 
as stated under Geometric Proofs through comparison 
of areas. Some algebraic proofs are the following: 



One 

In rt. tri. ABH, draw EC 
perp. to AB. The tri's ABH, ACH and 
HCB are similar. For convenience; 1 
denote BH, HA, AB, HC, CBand AC by 
a, b, h, x, y and h-y resp'y. Since, 
from- three similar and related tri- — 
angles,^ there are possible nine sim- 
ple proportions, these proportions 
and their resulting equations are: 

(1) a : x = b : h - y ah - ay = bx. ? 

(2) a : y = b : x .*. ax = by. 

( 3 ) x : y = h - y : x .% x 2 =■ hy - y 2 . 

00 a : X = h : b .*. ab = hx. 

( 5 ) a : y = h : a a 2 = hy. 

(6) x ': y = b : a ax = by. 

( 7 ) b : h - y = h : b b 2 = h 2 - hy. 

(8) b : x = h : a ab = hx. 

( 9 ) h-y : x = b : a ah - ay = bx. See Versluys, 
p. 86, fig. 97, Wm. W. Rupert. 

Since equations (l) and (9) are identical, 
also (2) and (6), and ( 4 ) and (8), there remain but 
six different equations, and the problem becomes. 
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how may these six equations he combined so as to give 
the desired relation h 2 = a 2 + b 2 , which geometrical- 
ly interprested is AB 2 = BH 2 + HA 2 ; 

In this proof One , and in every case here- 
after, as in proof Sixteen^ p. 4l, the symbol AB 2 , or 
a like symbol, signifies AB 2 . 

Every rational solution of h 2 = a 2 + b 2 af- 
fords a Pythagorean triangle.' See "Mathematical Mon- 
ograph, No. 1 6, Diopha tine Analysis," (1915 ) > by 
R. D. Carmichael. 

1st. — Legendre's Solution 

a. From no single equation o'f the above nine 
can the desired relation be determined, and there is 
but one combination of two equations which will give 
it; viz., (5) a 2 = hy; (7) b 2 = h 2 - hy; adding these 
gives h 2 = a 2 + b 2 . 

This is the shortest proof possible of the 
Pythagorean Proposition. 

b. Since equations (5) and (7) are implied in 
the principle that homologous sides of similar tri- 
angles are proportional it follows that the truth of 
this important proposition is but a corollary to the 
more general truth — the law of similarity . 

c. See Davis Jjegendre, 1858, p. 112, 

Journal of Education, 1888, V. XXV, p. 404, 

fig. V. - 

Heath's Math. Monograph, 1900 , No. 1 , p. 

19, proof III, or any late text on 
geometry. 

d. W. W. Rouse Ball, of Trinity College, Cam- 
bridge, England seems to think Pythagoras knew of 
this proof. 

2nd. — Other Solutions 

a. By the law of combinations there are pos- 
sible 20 sets of three equations out of the six dif- 
ferent equations. Rejecting all sets containing (5) 
and (7), and all sets containing dependent equations, 
there are remaining 13 sets from which the elimina- 
tion of x and y may be accomplished in 44 different 
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ways, each giving a distinct proof for the relation 
h 2 = a 2 + b 2 . 

b. See the American Math. Monthly, 1896, 

V. Ill, p. 66 or Edvard's Geometry, p. 157, fig. 15. 



Iwo 




Produce AH to C so that CB 
will be perpendicular to AB at B. 

Denote BH, HA, AB, BC and 
CH by a, b, h, x and y resp'y. 

The triangles ABH, CAB and 
BCH are similar. 

From the continued propor- 



tion d 



’Fig. 2 



a, = a 



y = n 



(1) b 

(2) b 

(3) h 

(Jt) b 

(5) b 

(6) h 



h = 
a = 
a = 
h = 
a = 
a == 



a 

a 

x 

h 

h 

b 



+ y : x, nine different simple pro- 
portions are possible, viz.: 



+ 



x. 

•y. 

y- 

b + 

X. 

y : 



(7) a : X = h : b + y. 

‘(8) a : y = h : x. 

(9) x : b + y = y : x, from 

which six different 
equations are possible 
as in One above. 



1 st. --Solutions From Sets of Two Equations 

a. As in One, there is but one set of two 
equations, which will give the relation h 2 = a 2 + b 2 . 

b. See Am. Math. Mo., V. Ill, p. 66. 

2 nd. — Solution From Sets of Three Equations 

a. As in 2nd under proof One, fig. 1, there 
are 1 J> sets of three eq's, giving 44 distinct proofs 
that give h 2 = a 2 + b 2 . 

b. See Am. Math. Mo., V. Ill, p. 66. 

c. Therefore from three similar , rt . *tri » s so 
related that any two have one side in common there 
are 90 ways of proving that h ? = a 2 + b 2 . 
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THE PYTHAGOREAN PROPOSITION 



Th r ee 




Take BD = BH and at D draw 
CD perp. to AB forming the two simi- 
lar tri's ABH and CAD. 

a. From-' the continued propor- 
tion a : x = b : h = h : b - x the 
simple proportions and their result- 
ing eq 1 s are : 

(1) a : x = b : h - a ah - a 2 = bx. 

(2) a : x = h : b - x .\ ab - ax = hx. 

(3) b : h - a = h : b - x .*. b 2 - bx = h 2 - ah. 

As there are but three equations and as each 

equation contains the unknown x in the 1st degree, 
there are possible but three solutions giving h 2 
= a 2 + b 2 . . 



b. See Am. Math. Mo., V. Ill, p. 66, and 
Math. Mo., I85f, V. II, No. 2, Dem. Fig. 5, on p. 45 
by Richardson. 



Four 



• 3r 
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In Fig. 4 extend AB to 
C making BC = BH, and draw CD 
perp. to AC. Produce AH to D, 
forming the two similar tri's 
ABH and ADC . 

From the continued pro- 
portion b : h + a = a : x 
= h : b + x three equations are 
possible giving, as in fig. 
three proofs. 

a. See Am. Math. Mo., V. Ill, p. 67 . 



.4 . lC 




Five 

Draw AC the bis.ector of the 
angle HAB, and CD perp. to AB,' form- 
ing the similar tri's ABH and BCD. 
Then CB = a - x and DB = h - b. 



o 
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F-r.om the continued proportion h : a - x 
= a : h - b = b' : x three equations are possible giv- 
ing, as in fig. 3 , three proofs for h 2 = a 2 + b 2 . 

■ av' Original with the author, Feb. ‘ 23 , 1926. 




Six 



Through D, any pt. in either 
leg of the rt. triangle' ABH, draw 
DC perp. to AB and extend it to E a 
pt. in the other leg produced, thus 
forming the four similar rt . tri's 
ABH, BEC, ACD and EHD . From 
the continued proportion (AB = h) 

: . (BE = a- + x) : (ED * v) 

: (DA = b - y) = (BH = a) : 

(BC = h - z)-: (DH = y) : (DC = w) 

= (HA = b) : (CE = v + w) : (HE = x) : (CA = z), 

eighteen simple proportions and eighteen different 
equations are possible. 

From no single equation nor from any set of 
two eq's can the relation h 2 = a 2 + b 2 be found but 
from combination of eq's involving three, four or 
five of the. unknown elements u, w, x,. y, z, solutions 
may be obtained. 

1st. ^-proofs From Sets. Involving Three Unknown Ele- 
ments . , 

a. -It has been shown that there is possible 
but one combination of equations involving but three 
of the unknown elements, viz., x, y and z which will 
give- h 2 = a 2 + b 2 .. 

b. See Am. Math. Mo., V. Ill, p. m. 

2nd.— Proofs From Sets Involving Four Unknown Ele- 
ments 

a. There are possible 114 combinations in- 
volving but four of the unknown elements each of 
which will give h 2 = a 2 + b 2 . 

b. See Am. Math. Mo., V. Ill, p. ill. 
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THE PYTHAGOREAN PROPOSITION 



3rd. --Proo fs From Sets Involvirii All Five Unknown 
Elements 

a. Similarly, there are 4749 combinations in- 
volving all five of the unknowns, from each of which 
h 2 = a 2 + b 2 can be obtained. 

b. See Am.' Math. Mo., V. Ill, p. 112. 

c. Therefore the total no. of proofs from* 
the relations involved in fig. 6 is 4864. 



•Seven 




Pig. 7 



produce AB to E, fig. J, 
and through E draw, perp. to AE, 
the line CED meeting AH pro- 
duced in C. and HB produced in D, 
forming the four similar rt. 
tri's ABH, DBE, CAE and CDH. 

a. As in fig. 6, eigh- 
teen different equations are 
possible from which there are 
also 4864 proofs. 

b. Therefore the total 
no. of ways of proving that h 2 » 
* a 2 + b 2 from 4 similar rt . 
tri's related as in fig's 6 and 



7 is 9728. 

c. As the pt. E approaches the pt. B, fig. 7 
approached fig. 2, above, and becomes fig. 2, when E 
falls on B. 



d. Suppose E falls on AB so that CE cuts HB 
between H and By~then we will have 4 similar rt . tri's 
involving 6 unknowns. How many proofs will result? 



Eiflht 

In fig. 8 produce BH to D, making BD = BA, 
and E, the middle pt. of AD, draw EG ‘parallel to AH,‘ 
and join BE, forming the 7 similar rt . triangles AHD, 
ECD, BED, BEA, BCE, BHF and AEP, but six of which 



